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NOTE 
This report was or ig inal ly  a JPL interof f ice  memorandum (IOM No.: 3610-81-119 
ISPM) ent i t l ed  "Reed-Solomon Ewoders - Conventional Versus Berlekamp's Archi- 
tecture," dated July 10, 1981. 
Concatenated coding has  t e e n  adopted by t h e  Nat ional  Aeronaut ics  and Space 
Adminis t ra t ion of t h e  United S t a t e s  of America f o r  i n t e r p l a n e t a r y  space  miss ions .  
NASA' s J e t  Propuls ion Laboratory is  employing concatenated coding w i t h  a convolu- 
t i o n a l  inner  code and a Reed-Solomon o u t e r  code f o r  spacecraft te lemetry .  
This paper compares convent ional  RS encoders w i t h  those  t h a t  i n c o r p o r a t e  two 
ingenious a r c h i t e c t u r a l  f e a t u r e s  due t o  E. R. Berlekamp. aerlekamp's a r c h i t e c t u r e  
approximately ha lves  t h e  number of  m u l t i p l i c a t i c n s  of a s e t  of f i x e d  arguments by 
any RS codeword symbol. The f i x e d  arguments and t h e  RS symbols a r e  taken from a 
nonbinary f i n i t e  f i e l d .  Each s e t  of m u l t i p l i c a t i o n s  is b i t - s e r i a l l y  performed 
and completed dur ing  one ( b i t - s e r i a l )  symbol s h i f t .  Berlekamp1s a r c h i t e c t u r e  
e l i m i n a t e s  a l l  firmware employed by convent ional  RS encoders.  
I. BACKGROUND 
Reed-Solomon (RS) codes a r e  a s p e c i a l  c a s e  of t h e  nonbinary g e n e r a l i z a t i o n  
of  Bose-Chaudhuri-Hocquenghem (BCH) codes. They are among t h e  Maximum Dis tance  
Separable  (HDS) codes which r e a l i z e  t h e  maximum minimum Hamming d i s t a n c e  p o s s i b l e  
f o r  a l i n e a r  code (Refs. 1 and 2 ) .  The i n t e r e s t  I n  RS codes was p r i m a r i l y  
t h e o r e t i c a l  u n t i l  t h e  concept  of concatenated coding was formulated and f i r s t  
in t roduced i n  Ref. 3. Concatenated coding has  been adopted by t h e  U.S. Nat ional  
Aeronautics and Space Adminis t ra t ion (NASA) f o r  i n t e r p l a n e t a r y  space  miss ions  
(see  Fig. 1 ) .  The inner  code is a convo lu t iona l  code, whereas t h e  o u t e r  code is  
an RS code. The a p p l i c a t i o n  of co rca tena ted  coding t o  NASA's Jet Propu l s ion  
Laboratory (JPL) s p a c e c r a f t  t e l emet ry  w i t h  a convo lu t iona l  inner  code and a n  RS 
o u t e r  code was f i r ~ t  proposed and analyzed i n  Ref. 4. Th i s  was followed by a 
c o n t r a c t  study: "Concatenated RSIViterbi  Channel Coding f o r  Advanced P lane ta ry  
Missions: Analys is ,  S imulat ions  and Tests."  Reference 5 is  t h e  f i n a l  r e p o r t  of 
t h a t  s tudy.  Reference 6 p r e s e n t s  a d i s c u s s i o n  of t h e  V i t e r b i  decoder which s e r v e s  
a s  a maximum l i i e l i h o o d  decoder of t h e  inner  convo lu t iona l  code. 
An i n v e s t i g a t i o n  undertaken a t  JPL of a l t e r n a t i v e  communication systems f o r  
downlinking imaging and genera l  s c i e n c e  d a t a  appears  i n  Ref. 7. Th i s  r e s u l t e d  i n  
t h e  adopt ion of concatenated RS/convolutional  coding f o r  imaging d a t a  from t h e  
Voyager s p a c e c r a f t  a s  a backup beyond Saturn  encounter.  Imaging d a t a  from t h e  
Ga l i l eo  s p a c e c r a f t  w i l l  a l s o  be sub jec ted  t o  RS/convolutional  coding. Th i s  
d e c i s i o n  is  a consequence of t h e  foregoing and subsequent i n v e s t i g a t i o n s  a s  
exempl i f  ied  i n  Ref. 8. 
Concatenated RSIViterbi  channel performance t e s t s  were made a t  JPL us ing  
s imula t ion  of i d e a l  and nonideal  r e c e i v e r  system models. The r e s u l t s  of t h e s e  
tests led  t o  t h e  adopt ion of RS/convolution coding f o r  t h e  NASA s p a c e c r a f t  of t h e  
I n t e r n a t i o n a l  So la r  Po la r  Mission (ISPM) ( s e e  Ref. 3) .  The same coding has s i n c e  
been adopted f o r  t h e  European Space Agency (ESA) s p a c e c r a f t  f o r  ISPM. Experimental 
r e s u l t s  of RS/Viterbi  channel coding on system performance and its impact on deep 
space t r ansmiss ion  of imaging informat ion appears  i n  Ref. 10. When used a s  an 
o u t e r  code, p r o t e c t i o n  is provided a g a i n s t  e r r o r s  emanating from t h e  inner  V i t e r b i  
decoder. V i t e r b i  decoding e r r o r s  tend t o  occur  i n  b u r s t s  whereby r e l a t i v e l y  few 
RS symbols a r e  a f f e c t e d .  The expected b u r s t  l e n g t h  and t h e  d e n s i t y  of b i t  e r r o r s  
wi th in  a b u r s t  bear  some r e l a t i o n  t o  t h e  channe l ' s  s ignal - to-noise  r a t i o .  A 
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Figure 1. Concatenated Coding for a Spacecra ft Telemetry Channel 











performance ana lys i s  of the Interleaved (255, 223) RS code i n  combating Vi te rb i  
decoding e r r o r s  Is given i n  Ref. 11. 
2 11. PARAMETERS AND PROPERTIES OF RS CODES 
The c l a s s  of Reed-Solomon codes of i n t e r e s t  f o r  p r a c t i c a l  considerat ions has 
the f o l lowhg parameters : 
J t h e  number of b i t s  per symbol 
N = 2J-1 the  t o t a l  number of symbols per RS codeword 
E t he  symbol e r r o r  cor rec t ion  capab i l i t y  
2E t h e  number of symbols represent ing checks 
K = N-2E t h e  number of symbols represent ing information 
I the  depth of symbol inter leaving.  That is, within a sequence of 
N I  symbols comprising I RS codewords, consecutive symbols of a 
given RS codeword a r e  separated by 1-1 symbols belonging t o  o ther  
codewords 
Note tha t  J, E, and I a r e  independent parameters. 
J The symbols ofan(N,K) RS code a r e  taken from a f i n i t e  fie.ld of 2 elements 
J J 
referred t o  a s  a Calois Field of order  2 o r  simply GFi2 ) (see Refs. 1 and 2 ) .  
Every pa i r  of d i s t i n c t  N-symbol codewords d i f f e r s  i n  a t  l e a s t  2E + 1 symbols. 
Thus an (N,K) RS code has a minimum Hamming d is tance  of 2E +L and is E symbol 
error-correcting. A received rord  with any combination of E o r  fewer symbols i n  
e r ro r  w i l l  be c o t r s c t l y  decoded, whereas a recsived word containing more than E 
symbols i n  e r r o r  w i l l  be incor rec t ly  decoded with a probabi l i ty  of l e s s  than one 
chance i n  E f a c t o r i a l  (i.r., E!). 
Erroneous symbols of a received word confined t o  a region of E consecutive 
symbols o r  l e s s  a r e  correctable .  In  terms of b i t s ,  a burst-error  of length  J(E-1) 
+ 1 b i t s  can a f f e c t  a t  most E contiguous symbols. Hence a l l  bu r s t s  of length  
J(E-1) + 1 b i t s  o r  less a r e  correctable .  Symbol in te r leaving  t o  a depth of I 
r e s u l t s  i n  an  (N1,KI) code which i n h e r i t s  i t s  proper t ies  from the  (N,K) RS code. 
Each of t he  2E symbols of an(N,K) RS codeword is a d i s t i n c t  l i n e a r  combination 
of information symbols. Thus RS codes a r e  l i n e a r .  An (N1,KI) code i s  comprised of 
t h K i  information symbols over which 2EI check symbols a r e  computed. Every I- 
f lbol ,  s t a r t i n g  with symbol 1 , 2 , * - * ,  o r  I, belongs t o  t he  same (N,K) RS codeword. 
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Symbol i n t e r l e a v i n g  t o  a depth  of I i n c r e a s e s  t h e  b u r s t - e r r o r  c o r r e c t i o n  capab i l -  
i t y  t o  l e n g t h  J(E1-1) + 1 b i t s .  I f  a received word o f  an (NI,KI) code c o n t a i n s  a  
b u r s t  of l e n g t h  J(E1-1) + 1 b i t s  o r  l e s s ,  t h e  number o f  er roneous  symbols belong- 
ing t o  t h e  same N-symbol word w i l l  n o t  exceed E. Upon d e i n t e r l e a v i n g ,  each of the  
I N-symbol words w i l l  t h u s  be c o r r e c t l y  decoded. 
L inea r ly  combining any two codewords, no t  n e c e s s a r i l y  d i s t i n c t ,  of a  g iven 
(N,K) HS code r e s u l t s  i n  a  codeword. Each codeword may be viewed a s  a  v e c t o r  
J 
whose components ( r e f e r r e d  t o  a s  symbols) a r e  f i e l d  e lements  taken from GF(2 1. 
Sca la r  m u l t i p l i c a t i o n  and v e c t o r  a d d i t i o n  fol low from t h e  binary  o p e r a t i o n s  of 
"mul t ip l i ca t ion"  and "addi t ion"  on t h e  f i e l d  elements.  The foregoing is a  re- 
stat-ement of t h e  l i n e a r i t y  of RS codes. 
Every c y c l i c  permutation of the  symbols of an(N,K) RS codeword is a codeword. 
Thus RS codes a r e  c y c l i c .  Note t h a t  a l l  c y c l i c  codes a r e  l i n e a r  but  t h e  converse 
does not  hcld .  Because of t h e  c y c l i c  proper ty  of an(N,K) RS code,  i t  can be 
charac te r i zed  bv a genera to r  polymonial g ( x j .  The degree  of g(x)  is 1 E ,  t h e  
number oE check symbols. And g(x)  has  2E d i s t i n c t  r o o t s  which a r e  consecu t ive  
J  i n t e g e r  powers (excluding zcro! of a p r i m i t i v e  element i n  CF(2 ) .  
Cyclic codes have a  well-defined mathematical s t r u c t u r e .  Furthermore, 
encoders and decoders of c y c l i c  codes a r e  implementable by means of feedback 
s h i f t  r e g i s t e r s  (FSRs). However, u n l i k e  Bose-Chaudhuri-Hoquenghem (BCH) codes ,  
RS codes a r e  nonbinary. Thus each s t a g e  of t h e  FSR must be capable  of s t o r i n g  
any one of z J  J - b i t  symbols. Sol id-s t i : s  random-access memories (RAYS) a r e  
commonly used t o  sLrve a s  nonbinary FSR s t a g e s .  
The Hamming weight enumerator f o r  MDS codes (hence RS codes) is wel l  known. 
"Separable" ( i n  Maximum Distance Separable ,  MDS) and "systematic" a r e  synonymous 
terms f o r  codes whose information symbols occupy l ead ing  ad jacen t  p o s i t i o n s  and 
a r e  followed by check symbols. See Refs. 1, 2 ,  and 6 f o r  n d e t a i l e d  t rea tment  
of BCH and RS codes.  
111. MATHEMATICAL CHARACTERIZATION OF RS CODES 
Consider an  (N,K) RS codeword 
CN-1CN,2 ' *  ' z E + ~  ' 2 ~  " '  '0' where Ci  F G F ( ~ ~ )  
- - 
The polynomial 
- ' 1  
J 
over  GF(2 ) i s  termed a codeword polynomial. Every codeword polynomial c o n t a i n s  
t h e  genera to r  polynomial of t h e  code a s  a f a c t o r .  Note t h a t  y is any p r i m i t i v e  
J b b+l 
element i n  GF(2 ) and 2E consecu t ive  powers (excluding ze ro )  of y ( i . e . ,  y , Y , 
a m . r  Y b+2E-1) a r e  r o o t s  of g (x ) .  
Encoding is t h e  process  of computing 2E check symbols over K informat ion 
symbols such t h a t  t h e  N ( i . e . ,  K+2E) symbols a r e  c o e f f i c i e n t s  of C(x) i n  (2)  
con ta in ing  g(x)  i n  (3) a s  a f a c t o r .  Given t h e  information polynomial 
Check symbols C2E-1 9 C2E-2 9 ..., c a r e  computed a s  fo l lows:  0 
where 
x ~ ~ I ( x )  t r ( x )  mod g(x)  
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C(x) = x2'1(x) + r ( x )  I 0 mod g(x) (7) 
where a (x )  5 b(x)  mod m(x) impl ie  3 t h a t  m(x) d i v i d e s  a(x)-btx) ,  where a ( x )  and 
b(x) a r e  pulynomials over  a f i e l d .  S i m i l a r l y ,  f o r  i n t e g e r s  a 5 D mod m impl ies  
t h a t  m d i v i d e s  a-b. The symbol "+" denores  sum modulo 2 (i.e., t h e  exclusive-OR 
opera t  ion)  and 
-1 5 1 mod 2 
The polynomials xZE1(x) and r ( x )  in (6) and (7) a r e  nonoverlapping and t h e  co- 
e f f i c i e b t s  of ~ ( x )  i n  (7) a s  e x p l i c i t l y  shown i n  (2) r e p r e s e n t  a n  (N,K) RS codeword. f 
Furthermore, C(x) c o n t a i n s  g(x) as a f a c t o r .  
I V .  HARDWARE CONS19ERATIONS I N  THE DESIGN OF RS ENCODERS 
A. CONVENTIONAL ARCHITECTURE 
A f u n c t i o n a l  l o g i c  diagram of a convent ional  (N,K) RS encoder appears  i n  
Fig. 2. Assume t h e  r e g i s t e r  (composed of  2 E J - b i i  s t o r a g e  e lements)  of  t h e  FSR 
is i n i t i a l l y  c l e a r e d .  With swi tches  A and B in t h e  up p o s i t i o n ,  informat ion 
symbols ( i . e . ,  ~ o e f f i c i e n t s  of X(x) i n  ( 4 ) )  a r e  s e q u e n t i a l l y  en te red  and simul- 
taneously  d e l i v e r e d  t o  the channel.  Symtol CW1 is en te red  f i r s t  and C l a s t .  2E 
Upon t h e  e n t r y  of C , t h e  check symbols which a r e  c o e f f i c i e n t s  of r ( x )  in ( 5 )  2 E i 
r e s i d e  i n  t h e  r e g i s t e r  where Ci is s t o r e d  i n  x . A t  t h i s  time, swi tches  A and B 
a r e  placed i n t o  t h e  down p o s i t i o n .  Tie check symbols, s t a r t i n g  wi th  C 2E-r9 are 
then d e l i v e r e d  t o  t h e  ch tnne l  whi le  t h e  r e g i s t e r  is c l e a r e d  i n  p r e p a r a t i o n  f o r  
the  next  set of K informat ion spnbols.  
INFORMATION SYMBOLS K- 
I-- TO CHANNEL 
Figure 2 .  A Conventional (N,K) RS Encoder 
G F ~ )  
ADDER 
. IER 
2 E The FSR i n  Fig. 2 a c c e p t s  I ( x )  and computes r ( x )  by m u l t i p l y i n g  I i x )  by x 
and r educ ing  t h e  r e s u l t  modulo g(x) as g iven  i n  (6) .  From ( 3 ) '  where G 2E 
n e c e s s a r i l y  e q u a l s  1, 
2E = 2E-1 2E-2 + ... 
- G2E-1X + G 2 ~ - 2 X  + G 1 x + Go mod g(x) 
Each o f  t h e  2E compc.ients 
is m u l t i p l i e d  by t h e  symbol a p p e a r i n g  on  t h e  f eedback  pa th .  T k  r e s u l t i n g  2E 
component v e c t o r  is e f f e c t i v e l y  added t o  t h e  symbol s t r i n g  s t o r e d  i n  t h e  r e g i s t e r  
a f t e r  a symbol s h i f t  t o  t h e  l e f t  h a s  occu r r ed .  The incoming i n f o r m s t i o a  s y m b ~ l s ,  
. . . 
'ZE-~' ' Z E - ~ '  , Co, and t h e  i n t e r m e d i a t e l y  s t o r e d  symbols a r e  all members of  
CF(2 ). 
Consider  a (255 ,  223)  RS code where t h e  f i e l d  e lement  a is a  roo: o f  t h e  
t h p r i m i t i v e  &-- d e g r e e  polynomial  o v e r  GF(2) 
Each nonzero  e lement  is e x p r e s s i b l e  a s  a n  i n t e g e r  power o f  a, ;I g e n e r a t J r  of 
8 CF(2 ). S i n c e  
every  element  is r e p r e s e n t a b l e  a s  a polynomial  i n  a o v e r  GF(2) of dvg ree  l e s s  
t han  8. Thus 
where u = 0 o r  1 and 0 5 n < 255.  The z e r o  e lement  (i. e. , 00. ',0) co r r e sponds  i 
to t h e  c o n s t a n t  0 polynomial  and is denoted  by a*. 
8 A t a b u l a t i o n  of a p o r t i o n  o f  GF(2 ) gene rd t ed  by a appea 9 a s  f o l l o w s :  
rs:l( ,, .. - . . a  *.,> ORlu . . ih  t k . 2 ~  I .b 
Of POOR QL'ALIM 
7 6 5 4 3 2  
a o a a a a a l  
The binary  ope:-at ion of  "addi t ion"  def ined on t h e  f i e l d  e lements  is termwise 
sum modulo 2  (1.e..  vec to r  a d d i t i o n  over  GF(2)). 
Example !j 
8 1 0 0 0 0 1 1 1  ( a )  
+ 1 0 0 0 0 1 1 0  (a2') 
. Addition of RS symbols is r e a d i l y  implementable wi th  2-input Exclusive-Oi: g a t e s .  
The binary  o p e r a t i o n  of "mul t ip l i ca t ion"  de f ined  on t h e  f i e l d  e lements  is  
with t h e  r e s u l t  reduced modulo 
The c o e f f i c i e n t s  a r e  members of GF(2) and sub jec t  t o  t h e  r u l e s  of modulo 2 
a r i thmet ic .  
Each mu l t i p l i e r  of an t iS encoder has one argument f ixed ,  namely Gi, a co- 
e f f i c i e n t  of g ( ~ ) .  A hardware m u l t i p l i e r  of  an a r b i t r a r y  f i e l d  element by a 
f ixed f i e l d  element f s  given i n  Ref. 1 (chapter 2) .  Such a mul t i p l i e r  would be 
0 
required f o r  each d i s t i n c t  nonzero G which does not equal  a (1.e.. 00.--01). i 
Another method follows from the  property 
i j .(i+j) mod 255 a a 
Example 2 
The conventional approach f o r  mulriplying two f i e l d  elements employs two 
read-only-memories (XOMs). The addresses  of one ROM correspond t o  t h e  f i e l d  
elements (u . . . 8 7 "6 uO in  GF (2  )), and the  content of each address  is the  binary 
represen ta t ion  of the  log  t o  the  base a of the  corresponding f i e l d  element. The 
addresses  of t he  o ther  ROM correspond t o  the l ogs  expressed i n  binary, and t h e  
content  of each address  is  the  a n t i l o g  of the  corres2onding log. Mu-ciplication 
8 i n  GF(2 ) u t i l i z i n g  the  t a b l e s  of logs and a n t i l o g s  may be rea l ized  a s  follows. 
(1) The logs of each of two f i e l d  elements a r e  sequent ia l ly  read and s tored.  
(2) The & b i t  binary represen ta t ions  of the  logs  a r e  added (as  pos i t i ona l  
8 binary numbers) modulo 255. An overflow b i t  (2 ) is t r ea t ed  a s  an end- 
8 
around car ry  r e s u l t i n g  i n  ca s t i ng  out  2 -1. 
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(3) The a n t i l o g  corresponding t o  l og  of t he  product (derived i n  s t e p  2)  is 
then read out .  
loga a n t  i loga  
b7b6b5b4b3b2blb0 u u u u u u u  7 6 5 4 3 2 1 " ~  
Note t h a t  0 0 - 0 - 0  and 11**-1 ( 2 5 5  ) have t h e  same an t i l og .  10  
0 I f  a f ixed operand is 1 (a  ), mul t ip l i ca t i on  is the  i d e n t i t y  opera t ion  
* 
r e a l i z a b l e  with J w i r e s .  I f  e i t h e r  operand i s  0 (a ), mul t ip l i ca t i on  by 0 is 
implementable by log i c  ex te rna l  t o  t he  ROMs. 
The most economical method ( i n  terms of memory requirements) of i n t e r l eav ing  
a depth of I is t o  rep lace  each of t he  2E nonbinary s t ages  wi th  I s tages .  The 2EI 
s tage  FSR is described by t h e  generator  polynomisl 
I 
where t h e  indeterminate x i n  (2) is replaced with x . The g(x) i n  (10) charac- 
t h  t e r i z e s  an(N1,KI) RS code where every I- symbol s t a r t i n g  with symbol 1, 2 .  - - * ,  
o r  I belongs t o  an(N,K) RS codeword charac te r ize3  by g(x) in  (3).  Clear ly  t he  
ti's associated with g(x) and g(x) a r e  i d e n t i c a i .  
I n  a conventionally designed RS encoder a s i n g l e  ROM (containing both t ab l e s )  
and binary adder (with end-around ca r ry )  could be sequent ia l ly  shared by each 
0 
u l t i p ? i e r  having a d i f f e r e n t  Ci (where Gi a ) a s  one of i t s  operands. The cos t  
of t h i s  reduced complexity is  t h e  i n c r e a s e  in t i m e  needed f o r  K sets of mul t i -  
p l i c a t i o n s  per (N,K) RS codeword. A s e t  could c o n t a i n  up t o  2E m u l t i p l i c a t i o n s  
0 
assoc ia ted  w i t h  2E d i s t i n c t  C 's none of which is equa l  t o  a . i 
B. BERLEKAMP'S ARCHITECTURE 
The RS encoder des ign  due t o  Berlekamp (Ref. 12) incorpora tes  two ingenious 
f e a t u r e s .  F i r s t ,  t h e  number of m u l t i p l i c a t i o n s  per  symbol s h i f t  is approximately 
halved by s e l e c t i n g  a g(x) whose 2E r o o t s  are E r e c i p r o c a l  p a i r s .  That is, i n  (3).  
In  expanded form, g(x) is  a s e l f - r e c i p r o c a l  polynomial where (over t h e  range of 
? i n  (11)) 
Second, and more s i g n i f i c a n t ,  Berlekamp formulated a hardware des ign of b i t - s e r i a l  
J 
m ~ l t ' . ~ i i e r s  over  GF(2 ) which is  compatible wi th  t h e  s e r i a l  o rgan iza t ion  of RS 
encoders. One operand is any of t h e  2J f i e l d  elements.  The o t h e r  is  a v e c t o r  
whose components a r e  f ixed  :!'.;tinct G 's represen t ing  c o e f f i c i e n t s  of g(x) .  i 
I n  t h e  des ign  of a n  (N,K) RS encoder,  two parameters a f f e c t e d  t h e  complexity 
of t h e  c i r c u i t r y  a s s o c i a t e d  wi th  m u i t i p l i c a t i o n .  These pa rane te r s  a r e  discussed 
i n  connect!on wi th  a (255, 223) RS encoder u n l e s s  s t a t e d  otherwise.  
'3 
' ~ c  elemenrs of CF(2') form a vec to r  space of dimension 8. One parameter 
fs d where 
is a bs:,h, a s e t  of l i n e a r l y  independent v e c t o r s  which spans t h e  v e c t o r  space of 
CF(Z'). I n  t h e  c a s e  where B equa l s  a, a genera to r  (assoc ia ted  wi th  (8) and (9 ) ) .  
r z s u l t s  i n  t h e  b a s i s  made up of t h e  unit. v e c t o r s  ao (00- - -001) .  a' (00**-010) .  
8 
e t c .  Any element i n  GF(2 ) t h a t  is not  a member of a s u b f i e l d  may se rve  a s  B 
-- 
Since . 
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4 8 0 cannot be selected from the 16 elewnto in CF(2 ) . Each element of CF(2 ) is 
r root of 
4 Each element of GF(2 ) is also a root of 
Let { a Y )  be the set of 15 nonzero roots of unity. Then 
y 15 mod 255 
I a (a 0 
and 
15y : 0 mod 255 
255 y  r 0 mod -- (1 5,255) 
y : 0 mod 17 
(where (r,s! denotes the greatest common divisor of r and s). Thus O (a*) and 
4 
compose the subfield CF(2 ), a vector space of dimension 4. Thus there can be 
at most 4 linearly independent vectors in the set 
where k = 0 , l .  * * * ,  or 14.  
For each basis 
8 in GF(2 ), a dua l  b a s i s  ( a l s o  c a l l e d  a complementary and a trace-orthogonal b a s i s )  a 
is determined ( see  Refs. 1, 2, and 13).  The concept of a t r a c e  of a f i n i t e  f i e l d  
element i s  involved i n  t h e  development of a d u a l  b a s i s .  
Consider G F ( ~ " ) ,  a f i n i t e  f i e l d  of pn elements over GF(p) where p is a prime. 
The t r a c e  Tr is a f u n c t i o n  on GF(~")  def ined by 
n-1 
Tr(y) = yP where y r GF(~")  
The t r a c e  has  t h e  fol lowing p r o p e r t i e s :  
(1) T ~ ( Y )  E GF(p) 
(2) Tr(y+6) = Tr(y) + Tr(6) 
(3)  ~ r ( c y ) = c T r ( y )  w h e r e c  cGF(p)  
A proof for each fol lows:  
= Tr(y) s i n c e  ypn = y 
since cP = c. 
i 
CP - ( 0 : -  (,PIP =**)P- c for i > 1 
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Example 4 
4 Given GF(2 ) generated by a, a root of the primitive polynomial x4 + x + 1 
over GF(2). The trace of each of 16 elements i s  tabulated a s  follows: 
n 
n of a 3 2 a a a l  ~r (an) 
From the def in i t ion  of the trace 
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5 
-(a ) - a5 + a1° + a2' + a40 
= a5 + a10 + a5 + a10 = o 
~ r ( a ' )  = a7 + a14 + a2' + as6 
- + a14 + a13 + a l l  = 0001 = 1 
From the  l i n e a r  property, t he  t r a c e  of an is 
3 2 0 4 
s ince  Tr(a ) = 1 and Tr(a  ) = Tr(a) = Tr(a ) = 0 i n  GF(2 ) i n  kxample 4 .  
8 I n  GF(2 ) generated by a, a root  of Eq. (8) ,  t he  t r a c e  of an element a s  
n 
represented by a i n  (9) is  
s ince  
i 0 Tr(a  ) = 1 f o r  1 2  i < 7 and Tr(a  ) = 0 
- 
i 8 For each bas i s  { B  1 i n  GF(2 ), can i s  a l so  representable  as 
v e  + V E  + - a w  0 0  1 1  + v7a7 
where 
The s e t  
1 is a b a s i s  d u a l  t o  t h e  b a s i s  I 0  much t h a t  
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8 Given a n  element an i n  GF(2 ). Its components i n  t h e  d u a l  b a s i s  a r e  r e a d i l y  
computed as fol lows.  
Thus, 
and 
from proper ty  (3) of a t r a c e  and (13).  
I A s e l e c t i o n  of a b a s i s  { B  1 and a de te rmina t ion  of i t s  dua l  b a s i s  l e .  1 a r e  J 
i l l u s t r a t e d  i n  example 5. 
Example 5 
6 Civen CF(2 ) generated by a, a r o o t  of t h e  p r i m i t i v e  6th degree  polynomial 
5 2 6 2 
x6 + x + x + x + 1 over  CF(2). Contained w i t h i n  CF(2 ) a r e  t h e  s u b f i e l d s  GF(2 ) 
3 2 3 
and GF(2 ) ,  and t h e  s u b f i e l d  CF(2) is conta ined i n  both GF(2 ) and GF(2 ). 
2 
F a ~ h  element of GF(2 ) is a r o o t  of 
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Let {aW) be t h e  set of t h r e e  nonzero t o o t s  of un i ty .  Then 
~ 3 m o d 6 3 - ~ = ~  (a 0 
and 
3w : 0 mod 63 
6 3 
w I 0 mod - (3,631 
w 0 mod 21 
6 2 Thus t h e  elements i n  GF(2 ) which compose t h e  s u b f i e l d  GF(2 ) a r e  
0 21 42 
a * , a , a  , a  
3 Each element i n  GF(2 ) is  a r o o t  of 
Let { a Y )  be t h e  s e t  of 7 nonzero r o o t s  of un i ty .  Then 
and 
7y z 0 mod 63 
63 y 5 0 mod - (7.53) 
y 3 0 mod 9 
6 Thus t h e  elements i n  CF(2 ) which compose t h e  subf i e l d  ~ ~ ( 2 ~ 1  a r e  
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2 3 Any element not contained in  GF(2 ) rnd not contained i n  CF(2 ) may serve a s  
0 i n  forming the  b a s i s  
in ~ ~ ( 2 5 .  In t h i s  example 8 equal t o  a3 was selected.  In  Table 1 each f i e l d  
6 





~ r ( a ~ )  = u5 + u4 + u3 + u2 8 c1 
i 6 The bas is  I0  in  CF(2 ) is 
2 3 4 5  3 6 9 1 2 a 1 S 1  1 1 , B 9 0 , B , B , 8 1 = 1 1 , a , a , a , a  , 
n The e n t r i e s  i n  column It0 corresponding t o  a a r e  
vo = ~ r ( a ~ )  
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6 Table 1. Representations of Elements in GF(2 ) 
n 
n of a 5 4 3 2  a a a a a l  ~r (an) el e2 e3 e4 
48 45 26 a23 043 a51 
a a a  1 
5 1  48 a29 a26 a46 a54 
a u 6 
54 51 a32 a29 a49 a57 
a a b2 
a 
57 a;& a 35 a32 a52 a60 b3 
a 
60 a57 a38 a35 aO b4 
aO a 60 a41 a38 a58 a3 b5 
. .  , 
a .  
. -  . . - - -  L -  . - -  -.---.....- ..*- .a 
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whereas t h e  e n t r i e s  i n  column E are 1 
whtch is ~r (an) cycl  i c a l l y  s h i f t e d  upward t h r e e  p l a c e s  exc lud ing  Tr (a*) . The 
remaining columns are s i m i l a r l y  formed. Thc d u a l  b a s i s  {k is  J 
i 6 i The elements S ii E GF(2 and Tr (8  k ) E GF(2), r e s p e c t i v e l y ,  a r e  e n t r i e s  in t h e  1 j 
foregoing t ab les .  
A s  previously  a s s e r t e d ,  
i The t r a c e  Tr(6  ]I ) plays  a r o l e  i n  determining t h e  comp+ments of a f i e l d  element 
n 1 
a i n  t h e  dua l  b a s i s  (L a s  shown i n  (14). The product of a n  a r b i t r a r y  f i e l d  1 
clement wi th  a f ixed  c o e f f i c i e n t  of g(x) is  r e a l i z e d  b i t - s e r i a l l y  i n  t h e  dual 
b a s i s .  
-
8 The order  of a nonzero clement ok i n  GF(2 ) is  
k I f  (k, 255) is 1, a is  of o r d e r  255, hence p r imi t ive .  There aye  a t o t a l  of $(255) 
8 
o r  128 p r i m i t i v e  elements i n  GF(2 ), where +(n) is t h e  number of i n t e g e r s  no 
g r e a t e r  than n t h a t  a r e  r e l a t i v e l y  prime t o  n. (An i n t e g e r  i and n a r e  r e l a t i v e l y  
prime i f  ( i , n )  is 1.) 
8 Let y be a p r i m i t i v e  elr nent i n  GF(2 ). Correspo~iding t o  y is a genera to r  
polynomial 
f o r  8 (255, 255-23) RS code. 
From (1.1) 
For an  E of  16,  
b = 112 and b + 2E - 1 = 143 
8 
and given a p r i m i t i v e  element y i n  GF(2 ), 
is a a e l f - r e c i p r o c a l  genera to r  polynom!al f o r  a (255, 223) RS code. 
Given t h a t  y equal  t o  ak  is pr imi t ive ,  t h e  expanded g(x) i n  (15) w i l l  be  
-1 
t h e  same f o r  t h e  r e c i p r o c a l  of y (i.e., y equal  t o  a 255-k). Thus t h e r e  a r e  64 
8 d i s t i n c t  s e l f - r e c i p r o c a l  polynomials over GF(2 ) that could s e r v e  a s  t h e  codes' 
genera to r  polynomial g(x). For an (N,K) RS code, t h e r e  a r e  +(N)/2 d i s t i n c t  s e l f -  
J 
r e c i p r o c a l  polynomials over  GF(2 ) from which g(x) may be  s e l e c t e d .  
8 The f i e l d  element 8 used t o  form a b a s i s  i n  GF(2 ) and t h e  f i e l d  element y 
i n  (14) govern t h e  complexity of t h e  b i t - s e r i a l  hardware m u l t i p l i e r  i n  t h e  Berle- 
kamp RS encoder a r c h i t e c t u r e .  Element 0 can be s e l e c t e d  from among 240 e lements  
8 4 i n  GF(2 ) -  i.e., 256 less t h e  1 6  elements comprising t h e  s u b f i e l d  GF(2 ). Ele- 
ment y can be s e l e c t e d  from among 64 p a i r s  o f  r e c i p r o c a l  p r i m i t i v e  elements i n  
8 GF(2 ) independently of t h e  cho ice  of B .  
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i 8 For a given -sis t B 1 in CF(2 ), i t r  dua l  b a s i s  { f  1 is determined a s  J 
i l l u r t r a t e d  in Example 5 f o r  a f i e l d  of lover  order.  Corresponding t o  a given 
8 p r h i r i v t  element Y (or  y-I) In CF(2 ), the coe f f i c i en t e  GI  of g(x) In t he  
expanded form in (15) a r e  determined where 
Go = G32 = 1 and C3Z-i = 
The 16 c o e f f i c i e n t s  
0 
represent  a l a r g e s t  set of d i s t i n c t  c o e f f i c i e n t s  not  equal t o  1 (a ). 
Bi t - se r i a l  mu l t i p l i ca t i on  of t h e  vector  
by a f i e l d  element z (1-e., an RS symbol) is rea l ized  a s  follows: 
A l i n e a r  binary matr ix  (i.e., an a r r ay  of Exclusive-OR ga tes )  is used t o  
compute 
Since 
i n  the  dual ba s i s ,  
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The s imultmeous app l i ca t i on  of To, TI, ... , T16 t o  a s tored  z y i e l d s  
from (16) she re  i - 0. Note t h a t  ( z ~ ( ~ ' )  is the  f i r s t  component of t h e  products 
zGos zG1, . . . , zG16. Subsequently, z is  replaced by Bz and a simultaneous 
appl ica t ion  of To, T1* 
... , T16 t o  a s tored  Bz y i e l d s  
(from (16) where i = l), t h e  second coaponents of {zGp). Similar ly ,  rep lac ing  Bz 
by B(Bz) and applying {Tp) y i e ld s  t h e  t h i r d  component of {zGp) and s o  on. It w i l l  
be shown t h a t  Bz is simply de r i - ed  from z. 
The form of t h e  funct ions { ~ ~ i  is 
For every z,  the  output of T is the  ssduh i sum ( i . e . ,  Exclusive-OR) of those e 
components z 's i n  the dual b a s i s  f o r  which J 
~ ~ N A L  P GE n 
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A func t iona l  l o g i c  diagram of an (N,K) RS encoder u t i l i z i n g  Berlekamp's archi-  
t e c t u r e  is shown i n  Fig. 3. The l i n e a r  binary matr ix  has a s  its inputs  t he  conten ts  
of t h e  2 r e g i s t e r .  A t  a  given time in t e rva l ,  the represen ta t ion  of a f i e l d  element 
z In the dual  b a s i s  is s tored  i n  r e g i s t e r  2. The outputs  of t he  matr ix  f o r  a (255, 
223) RS ercgder {where J equals  8 and E equals  16) are 
To = Tr CzSO) 
For a given L, Tr(zGe) is a  p a r i t y  check over a  p a r t i c u l a r  subset  of t h e  
b i t s  represen t ing  z in accordance with (17). These outputs  represent  
t he  f i r s t  components ( b i t s )  i n  t he  represen ta t ion  i n  t he  dua l  b a s i s  of the 
products 
respec t ive ly  . 
I The output Tr(B z) which is fed back t o  t he  2 r e g i s t e r  is used i n  der iving 
n Bz. A f i e l d  element z may be represented a s  a o r  i n  t he  dual b a s i s  i n  vector  
form as 
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Figure 3. A (N,K) RS Encoder U t i l i z i n g  Brxlekamp's Architecture 
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vhere  
Thus 
Computing 82 from z corresponds  t o  
8 
where t h e  b i t s  s t o r e d  in t h e  Z r e g i s t e r  are s h i f t e d  and t h e  output  Tr (6  z) of t h  
b inary  m a t r i x  is  en te red .  Clocking t h e  Z r e g i s t e r  s o  conf igured y i e l d s  Bz, t h e  
set of i n p u t s  t o  t h e  b inary  mat r ix  d u r i n g  t h e  subsequent t ime i n t e r v a l .  The 
o u t p u t s  
r e p r e s e n t  {z ( " 1 ,  t h e  second components of {rG 1 ,  r e s p e c t i v e l y .  S i m i l a r i l y ,  t 1 e f o x  
remaining components a r e  computed r e c u r s i v e l y .  The f i n a l  components Izl \ L # ' ]  a r  
'1 7 
computed d u r i n g  t h e  8- t ime i n t e r v a l  when B z r e s i d e s  i n  t h e  2 r e g i s t e r  and t k  
.) 
o u t p u t s  a r e  {Tk = T ~ ( B ' Z G ~ )  1. 
Since C32-e e q u a l s  Gi 
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zCJ2,& = zGe 1 2  1 9 6  
The components of t h e  products  of 
zGl7. "G18, " ' # ZG 
. 31 
w i l l  have a l s o  been computed. The b i t - s e r  i a l  m u l t i p l i c a t i o n  of 
8 by z over  GF(2 ) i s  t h u s  complete. Furthermore, t h e  r e s u l t a n t  v e c t o r  
has  been b i t - s e r i a l l y  added t o  the  previous  c o n t e n t s  of  t h e  FSR (i.1 Fig. 3) .  
symbol-shifted one p lace  t o  t h e  l e f t .  Upon computing a s e t  of corresponding 
components t z  I ,  z ii (O) is en te red  i n t o  t h e  r e g i s t e r  s e c t i o n  S 0 = i ('), and 
z (2) ... 1 ' zi (31) a r e  each s imul taneously  Exclusive-ORed wi th  t h e  b i t  emanating 
from t h e  r e g i s t e r  s e c t i o n  S 1' S2' . . . , Sjl, r e s p e c t i v e l y .  The f i e l d  element z 
is a symbol ( represented i n  t h e  dua l  b a s i s )  being fed  back dur ing  t h e  encoding 
process.  
Each r e g i s t e r  s e c t i o n  except  S is 40 b i t s  i n  l e n g t h  and s t o r e s  5 8 - b i t  3 1 
symbols. This provides  an i n t e r l e a v ' a g  dep th  of 5. R e g i s t e r  Y s e r v e s  a s  a 
s t a g i n g  r e g i s t e r  and is e s s e n t i a l l y  an ex tens ion  of S 31' Af te r  t h e  products  
{zGp)have been determined,  r e g i s t e r  Z i s  re loaded wi th  t h e  c o n t e n t s  of r e g i s t e r  
Y. A t  t h i s  t ime r e g i s t e r  Y c o n t a i n s  t h e  next  symbol z t o  be fed  back. Reg i s t e r  
s e c t i o n s  S1, S2* ... . a30 - r e s i d e  i n  RAM'S. h e  Y and Z r e g i s t e r s  a r e  cmposed 
of de lay  f l i p - f l o p s  and r e g i s t e r  s e c t i o n  S31 is  a s e r i a l  s h i f t  r e ~ i s t e r .  U n t i l  
a l l  informat ion symbols have been en te red  (and s imul taneously  d e l i v e r e d  t o  t h e  
channel) ,  t h e  Y inpu t  is t h e  bit-by-bit  Exclusive-OR of t h e  b i t s  composing t h e  
information symbol being en te red  and t h e  b i t s  composing t h e  symbol e x i t i n g  reg- 
i r t e r  s e c t i o n  S Afte r  the  l a s t  informat ion symbol has  been e n t e r e d ,  a c o n t r o l  31. 
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s i g n a l  (not  shown i n  Fib. 3) l e v e l  is changed t o  d i s a b l e  t h e  information input  
and switch from t h e  informat ion mode t o  t h e  check mode. The 5 s e t s  of 32 chec 
symbols a r e  then b i t - s e r i a l l y  d e l i v e r e d  t o  t h e  channel a s  t h e  Y and 2 r e g i s t e r  
and t h e  Si r e g i s t e r  s e c t i o n s  a r e  c lea red .  





6 Refer t o  Example 5 and Table 1, wherein every f i e l d  element i n  GF(2 j is 
represen ted  a s  
2 i 6 
where a6 = a5 + a + a + 1. For t h e  b a s i s  ( 0  1 i n  GF(2 ) 
t h e  d u a l  b a s i s  k. 1 was shown t o  be 
J 
An RS symbol is r e p r e s e n t a b l e  a s  an and i n  t h e  d u a l  b a s i s  a s  
where 
It remains t o  s e l e c t  a s e l f - r e c i p r o c a l  generator  polynomial over Gc(2) f 
t h e  (63, 53) RS code where 
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From (11) 
b = 27 and b + 9 = 36 
The elsment y where 
are distinct roots of g(x) may be selected among 4(63)/2 or 18 reciprocal pairs 
of primitive elements. The generator a is primitive and 
is primitive if and only if (k, 63) = 1. 
5 For = a , 
the coefficients of g(x) are 
The form of t h e  { T ~ }  funct ions ( a s  ohown i n  (17') fo r  a (255, 223) RS code) is  
The values  of t h e  t r a c e s  Tr(E G ) a r e  tabulat&d h Table 2. Values of ~ r ( a " )  a r e  3 a. 
given i n  Table 1. 
Components z ' 8  of every z in the  dual  ba s i s  f o r  which j 
cont r ibu te  t o  t h e  output T From Table 2, t h e  T E  funct ions a r e  e' 
The output 
6  n  Tr(B a  ) = z6 
required i n  der iving Bz from z is determined as f0llod3: 
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Table 2. Tr(l C ) Values f o r  r (63, 53) RS Code J fi 
The l i n e a r  binary matrix with inputs  z z * . * ,  z5 and output, T T --• 
6 n 0' 1' 0' 1' * T5 
and z6 ( i .e . ,  Tr(6 a ) )  f o r  a 163, 53) RS code is shown i n  Fig. 4.  0 
In a conventional !N,K) RS encoder, an information o r  check symbol is  repre- 
sented a s  
and denoted by 
In an (N,K)  I S  encoder employing ~e r l ekamp ' s  a r ch i t ec tu re ,  t he  symbols (informa- 
t i o n  and check) a r e  represented in the  dual bas i s .  The transformation from one 
i 
rzpresen ta t ion  t o  t he  o ther  is l i nea r .  The symbol a i n  the dual  b a s i s  i s  repre- 
sented a s  
Figure 4. Implementation of the Linear Binary Matrix 
for a (63, 53) RS Code 
and denoted by 
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k ' 
vhere rk - Tr(B a'). Thus 
, 
and 
J The automorphism in CF(2 ) of the two representations under tl.< Fame rules 
of "addition" i s  i l lustrated i n  Example 7 .  
Example 7 
5 Refer to the two representations of elements in GF(2 ) in Table 1 .  
Example 8 
Given the informat ion symbol sequence 
. 
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t o  be encoded by a (63, 53). RS encoder incorpora t ing  Ber lebmp ' s  a r c h i t e c t u r e .  
Leading ze ro  Information symbols have no e f f e c t  on t h e  10 6-bi t  r e g i s t e r  s e c t i o n s  
(which a r e  i n i t i a l l y  c lea red) .  The s i n g l e  nonzero informat ion symbol is en te red  
i n t o  t h e  2 r e g i s t e r  v i a  t h e  Y re;;,ister, and t h e  TL f a n c t i o n s  (derived in Example 
6 and implemented i n  Fig. 4) a r e  app l ied  t o  determine t h e  z 's of IzGp}. Ra- 0 
plac ing  z v i t h  Bz (by c lock ing  t h e  Z r e g i s t e r )  and applying t h e  Tg f u n c t i o n s  y i e l d  
t h e  zits of IzG,} and s o  on as shown i n  Table 3. 
A, 
The symbols of t h e  codevord i n  Table 3 expressed as powers of a a r e  compared 
v i t h  corresponding c o e f f i c i e n t s  of g(x)  as follows. 
Codevord g* ... 51 22 055 a3 a51 042 051 a3 022 a51 a* a a 
Note t h a t  the  codevord polynomial is a s c a l a r  m u l t i p l e  (of a )  of t h e  g(x)  of 
t h e  (63, 53) RS code. This  proper ty  of RS codes provides  a simple check on t h e  
6 n der ived T func t ions  atid z6 (1.e.. Tr (0  a )). 0 0 
V. PUTHENATICA'. CHARACTERIZATION OF THE (255, 223) RS ENCODER 
DESIGNED BY BERLEKAMP 
As pteviously  d i scussed ,  t h e  independent parameter va lues  of t h e  (255, 223) 
RS code a r e  
j.(iO!NAL PAGE 1s 
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Table 3. Check Symbol Computation in  the Dual Basis of a (63, 53) RS Code 
J - 8 b i t 8  per ryabol 
t - 16 rymbol e r r o r  cor rec t ion  capab i l i t y  
I - 5 (rymbol) In te r leaving  depth 
8 The ~ e n t r a t o r  a of t h e  nonzero f i e l d  element8 in CFt(2 i r  a  roo t  of t h e  pr imi t ive  
polynaaial over CF(2) 
7 2 $ + x  + x  + x + 1  (18) 
The f i e l d  element 
8 
was se lec ted  t o  form the  basis i n  CF(2 ) 
The r e su l t i ng  dual  bas i s  is 
The f i e l d  element 
was r t l e c t e d  i n  specifying the se l f - rec iproca l  generator polynomial 
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The coefficients of g(x) in expanded form are 
Note that C 3 = '29 = '13 G19' 
The resul t ing  T functions are: 
It 
In a d d i t i o n  t o  t h e  TI f u n c t i o n s  
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is an output  of t h e  l i n e a r  b ina ry  mat r ix  as d i scussed  i n  Sec t ion  IV-B. 
The s o l e  c r i t e r i o n  i n  t h e  s e l e c t i o n  of 8 i n  (19) and y i n  (21) was t h e  
r e a l i z a t i o n  of a l i n e a r  b ina ry  mat r ix  o f  minimal complexity.  The d u a l  b a s i s  
{L 1 d i r e c t l y  r e s u l t s  from t h e  s e l e c t i o n  o f  8. The c o e f f i c i e n t s  {G1) of g(x) j 
are f ixed  by t h e  choice  of y. As discussed  and shown i n  (17),  those  components 
a 's in t h e  dua l  b a s i s  f o r  which 
-1 
c o n t r i b u t e  t o  t h e  ou tpu t  TI. A measure of complexity f o r  a given 8 and y is t h e  
number of 1's i n  t h e  set 
and d i s t i n c t  C 's among P 
Using t h i s  measure, Berlekamp combined a  computer s e a r c h  wi th  some hand computa- 
t i o n  i n  f i n d i n g  a By combination y i e l d i n g  a set of Tp f u n c t i o n s  of minimal com- 
p lex i ty .  The e n t i r e  b inary matr ix  was r e a l i z e d  wi th  24 2-input Exclusive-OR g a t e s  
organized f o r  maximum g a t e  shar ing  wi th in  t h r e e  l e v e l s  of ga t ing .  
8 The two r e p r e s e n t a t i o n s  o f  f i e l d  elements i n  CF(2 ) appear i n  Table 4 .  
8 Table 4. Two Representations of Field Elements I n  CF(2 ) 
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8 Table 4 .  Two Representations of Field Elements in CF(2 ) (contd) 
8 
Table 4. Two Representations of Field Elements in G F ( ~  ) (contd) 
V I .  HARDWARE COST OF RS ENCODERS - CONVENTIONAL VS BERLEKAMP'S ARCHIITICTURE 
There are two e x i s t i n g  d e s i g n s  u t i l i z i n g  G a l i l e o  f l i g h t - q u a l i f i e d  p a r t s  w i t h  
enough s i m i l a r i t y  i n  t h e i r  f u n c t i o n a l  s p e c i f i c a t i o n s  t o  make a meaningful com- 
par  ison.  
(1) One is a convent ional  (255, 223) RS encoder wi th  a n  i n t e r l e a v i n g  d e p t h  
I of  2. It a c c e p t s  a b i t - s e r i a l  i n p u t  of up t o  approximately 800 k b i t s  
per  second. An inpu t  sequence comprised of  2 sets of  223 8 -b i t  symbols 
(i.e., 3558 b i t s )  need n o t  be  cont inuous .  This encoder w i l l  s e r v e  a s  
an  o u t e r  encoder f o r  compressed imaging d a t a  aboard t h e  G a l i l e o  space- 
c r a f t .  
(2) The o t h e r  is a (255, 223) RS encoder u t i l i z i n g  Berlekamp's architecture 
wi th  a n  i n t e r l e a v i n g  dep th  I of 5. The (2551, 2231) code can b e  
shortened t o  a ( (255-Q) I, (223-4) 1 )  shor tened code where 
The l e a d i n g  Q I  symbols of t h e  shor tened code a r e  viewed a s  0 ' s  (DO ... 0) 
and discarded.  It a c c e p t s  a b i t - s e r i a l  inpu t  up t o  approximately 400 
k b i t s  per  second. Ar input  sequence comprised of 5 sets of 225-4 8 -b i t  
symbols need n o t  be continuous.  This  e m o d e r  was designed and imple- 
mented in breadboard form by E.R. Berlekamp cf Cyclotomics Inc.  under a 
JPL c o n t r a c t .  I t  has been adopted a s  t h e  o u t e r  encoder f o r  a l l  s c i e n c e  
and engineer ing d a t a  emanating from t h e  NASA ISPM s p a c e c r a f t .  The JPL 
s p e c i f i c a t i o n s  were i n  accordance wi th  G a l i l e o  requirements ,  which 
excced those  of ISPM ( s p e c i f i c a l l y  s e r i a l  inpu t  and ou tpu t  b i t  r a t e s ) .  
The (255, 223) RS code wi th  a n  i n t e r l e a v i n g  dep th  of 5 was a contender 
t o  t h e  (24, 12)  extended (binary)  Golay code ( b i t )  i n t e r l e a v e d  t o  r 
dep th  of 36. The extended Golay code was t h e  e a r l y  cho ice  f o r  t h e  o u t e r  
code of nonimaging s c i e n c e  d a t a  f o r  t h e  G a l i l e o  s p a c e c r a f t .  Subsequent 
t o  a t h i r d  and f i n a l  review, t h e  extended Golay code w i l l  s e r v e  a s  t h e  
o u t e r  code. However, packetized t e l emet ry  wi th  RS/convolutional  con- 
ca tena ted  coding has  been adopted a s  a NASA-JPL s tandard f o r  f u t u r e  
s p a c e c r a f t  miss ions .  
The l o g i c  b u i l d i n g  b locks  used i n  (1) and (2) were i n t e g r a t e d  c i r c u i t s  (ICs) 
i n  t h e  Complementary-symetry Metal Oxide Semiconductor (CMOS) family .  L o w  power 
and amenab i l i ty  t o  r a d i a t i o n  hardening a r e  c h a r a c t e r i s t i c s  of CMOS technology t h a t  
a r e  e s s e n t i a l  i n  #pace a p p l i c a t i o n s .  ROMs and RAMS each occupy 3 16-pin I C  loca- 
t i o n s  on f l i g h t  c i r c u i t  boards. The number of I C s  and I C  l o c a t i o n s  f o r  each  
des ign  are as follows: 
(1) Conventional RS encodrr . . 
T o t a l  number of I C s  excluding KOMs and RAMS 2 6 
T o t a l  number of ROMs and RAMs 
T o t a l  number of 1 6  p tn  l o c a t i o n s  
(2) RS encoder w i t h  ~ e r l e k a m p  a r c h i t e c t u r e  
Tota; number of I C s  excluding RAMS 31 
T o t a l  number of  RAMs 
Tota l  number of 16  p i n  l o c a t i o n s  
V I I .  TESTING RS ENCODERS 
A. INTRODUCTION 
A s  desc r ibed  i n  Sect ion I V ,  a  convent ional  RS encoder c o n t a i n s  a n  FSR. I f  
symbol i n t e r l e a v i n g  is  r e q u i r e d ,  each r e g i s t e r  s e c t i o n  of t h e  FSR is  lengthened 
by a f a c t o r  of I (see  Eq. 10) .  An RS encoder u t i l i z i n g  ~ e r l e k a m p ' s  a r c h i t e c t u r e  
s i m i l a r l y  i n c o r p o r a t e s  a n  FSR. I t  d i f f e r s  p r i n c i p a l l y  from a conven t iona l  encoder 
i n  t h a t  symbol m u l t i p l i c a t i o n  is b i t - s e r i a l  and is  r e a l i z e d  i n  hardware. 
223 The s i z e  of t h e  codewoxd d i c t i o n a r y  of a (255. 223) RS code is (256) o r  
537; 21784 (which approximately equa l s  1 0  . However, t h e  number of informaf ion 
symbol sequences requ i red  t o  t e s t  t h e  f u n c t i o n a l  i n t e g r i t y  of a n  encoder is 
s u r p r i s i n g l y  small .  This  i s  due t o  t h e  l i n e a r i t y ,  c y c l i c  s t r u c t u r e  and o t h e r  
y roper t  i e s  (subsequently d i scussed)  of RS codes. 
Three c l a s s e s  of RS symbol sequences provide  a u s e r  wi th  a simple,  sys temat ic  
and e f f e c t i v e  means of  t e s t i n g  convent ional  a s  we l l  a s  Berlekamp types  of RS 
encoders.  Herea f t e r ,  t h e  c l a s s e s  of symbol sequences a r e  r e f e r r e d  t o  a s  t h e  
genera to r  polynomial c o e f f i c i e n t  sequence (GCS), t h e  c 'onstant  symbol sequence 
(CS), and t h e  i t e r a t i v e  s - p b o l  sequence ( IS) .  
Conventional and Berlekamp type of (255, 223) RS enpoders a r e  assumed t o  have 
t h e  same s e l f - r e c i p r o c a l  genera to r  polynomial whose c o e f f i c i e n t s  appear i n  (22).  
The represen ta t ion  of rymbols associated with t h e  convent ional  encoder a r e  t h e  
polynomials i n  a appearing i n  Table 4. Corresponding t o  each polvnomial i n  a 
is the  r e p r e s e n t a t i ~ ~  i n the dual  b a s i s  oi symbols associated with t h e  Berlekamp- 
type encoder. Given 
. -
t he  corresponding element is 
where 
and 
Row 1, row 2, * * *  , and row 8 i n  T a r e  represen ta t ions  i n  the  dual  ba s i s  of a 7 
6 (10 9 . - ,  0 ) ,  a (010 * * *  0). , and ao (00 * *  01). respec t ive ly .  The inverse 
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- 1 Row 1, row 2, * a .  and' row 8 ia T a r e  polynomials t n  a corresponding t o  P 
ak 0 
(10 - * *  0). el (010 *-• 01, , and k7 (00 011, r e s p e c t i v e l y  . Thus 
Given a conventional and a Berlekamp type  o f  a n  (N,K) RS encoder wi th  a 
cmmon g(x) .  The transformation_a_l equivalence of codewords is i l l u s t r a t e d  i n  
Fig. 5. 
B. TEST SEQUENCES 
1. The Generator (Polynomial) Coef f ic ien t  Sequence (GCS) 
The genera to r  polynomial and every s c a l a r  m u l t i p l e  of t h e  generator  poly- 
nomial of a n  RS code are codeword polynomials of lowest  degree.  Consider the 
tnformat ion symuol sequence 
assoc ia ted  wi th  a conventional (255, 223) RS encoder. Only t h e  l a s t  information 
symbol Cj2 i s  nonzero. Thus 
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Figure 5. Transformational Equivalence of RS Codewords 
with a Common g(x) 
and 
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i 
x3*1(x) I Gix mod g(x) 
where C31. C30v " *  , Go a s  given in (22.) are thc check symbols. The encoded word 
is 
the GCS where the l e a d i ~ ,  al l -zeros symbols ere not shown. 
Every codeword polynomial 
contains g(x) a s  a factor and is  a member of a principal ideal of the ring F[x] / 
8 ( ~ ~ ' ~ - 1 )  over CF(2 ) where g(x) i s  a generator of the  ideal (see Ref. 2 ) .  Thus 
since 
The cocf f i 
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a of xC(x) a r e  a cyc l i c  permutation one pl .ace t o  the  l e f t  
thoae of C ( x )  . It f o l l o v s  that cyc l i c  permutations of a CCS a r e  codewords. 
Furthermore, linear combinations of GCSs and c y c l i c  permutations of GCSs a r e  
a l s o  codewords. 
Example 9 
The r e s u l t s  of a GCS-type test on a Berlekamp-type emoder  with symbol i n t e r -  
leaving t o  a depth of 5 appear i n  Table 5. Each of t h e  5 columns of 8-bit  syrebols 
i s  a codeword. The encoder is i n i t i a l l y  c leared and the  5 s e t s  of leading ?n<or- 
mation symbds (C254 through C ) of a l l  zeros  a r e  not  shown. Infor ra t ion  symbols 33 
en te r  and check symbols e x i t  row by row a s  shmm i n  t h e  deinter leaved arrangement 
of Table 5. Note t. ~t C of codeword 5 is t h e  only nonzero informat ion symbol. 32 
The information symbol C with the  r e s u l t i n g  check symbols (C through Co) :s 32 3 1 
a represen ta t ion  of a s c a l a r  mul t ip le  of t h e  GCF i n  t h e  dual  bas i s .  From (25) 
and (22). 
- 
Successive appl ica t ions  of the  T funct ions i n  (23) on 2 (11 11, 82, -.. II , 8'2 ( e! ( for  f3 in (19)) y i e ld  t he  l i k e  components { ro  1, {z1(') 1, - -  - , k7 ("1 of t he  
symbols CJ2,  C ... 31' , C of codeword 5 i n  Table 5. A s  i n  Table 3 f o r  Example 8 ,  0 
the  GSC provides a simple check on the  der ived T funct ions and r8 (1.e.. ~ r ( 8 ~ o " ) ) .  II 
Example 10  
A test run on a Berlekamp encoder r e s u l t i n g  i n  a cyc l i c  permutation of t h e  
GCS i n  Example 9 is given in Table 6. The information symbols Cj3 and C32 of 
codeword 5 r e s u l t  i n  a CCS t h a t  i s  c y c l i c a l l y  s h i f t e d  upward one symbol. 
* '254 (a ) i n  Example 9 i s  Co IF. Example 10. The leading 222 information symbols i n  
t h i s  example a r e  a11 zeros.  
Clear ly ,  an a l l -zeros  symbol (information and check) sequence is a codeword 
(e.g., codewords 1 through 4). It i s  the  i d e n t i t y  element of t h e  l i n e a r  (code) 
* 
space and is  representable  a s  a g(x). 0 
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Table 6. A Cyclic Permutation of the CCS in Table 5 
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Example 11 
Table. 7 and 8 present t e s t  runs on 8 Berlekamp encoder whereby Cj2 of 8 GCS 
type tests are t h e  u n i t  vec tors  (10 -. 0). (010 0). --• , (00 - ° *  01). rc- 
spect  ive ly  , In t h e  dual  basis .  "Adding" corresponding symbols y i e l d s  t he  ( sca la r  
mul t ip le  of the)  GSC in Table 5. The code's generator matr ix can be obtained 
from l i n e a r  combinations of c y c l i c  permutations of t he  GCS-type sepuences. Each 
of the  223 d i s t i n c t  codewords in the  code's generator matrix has one and only one 
nonzero informat ion  symbol. 0 
Consider t h e  check symbol sequences f o r  20 information symbol sequences where 
each information symbol is  randomly se lec ted .  Those computed by t h e  encoder could 
be compared with thase derived from t h e  code's generator matrix. A symbol-by- 
symbol match f o r  each of t h e  20 p a i r s  of check symbol sequences vould v e r i f y  the  
- 
funct ional  i n t e g r i t y  of an RS encoder ~ i t h  an extremely high degree of confidence. 
Additional t e s t s  serve t o  increase  t h a t  degree of confidence. 
2. The Constant (Symbol) Sequence (CS) 
The polynomial ~ ~ ~ ~ - 1  f a c t o r s  a r e  a s  fo l lov r .  
Since the roo t s  of g(x) a r e  among the  255 roo t s  of un i ty  (i .e. ,  the  nonzero 
8 
elements of CY(2 )), g(x) d iv ides  ~ ~ ' ~ - 1 .  Since 
g(x) must d iv ide  the f ac to r  of degree 254. Thus f ( x )  and any s c a l a r  m u l t i p l i e  
Kf  (x) where 
8 
and K E GF(2 ) 
a r e  codewords. The intormat ion symbol sequence 
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Table 8. CCS Type Tests with Cg2 a Second S e t  of Unit Vectors i n  the Dual Basis 
Codevor d 
3 
r e s u l t s  i n  check symbols C through C t h a t  a r e  a l s o  equa l  t o  K. 3  1 0 
I n  Table 9, codewords 2 through 5 a r e  cS' t e s t  sequences. Note t h a t  codeword 
1 added t o  codeword 5  i n  Table 5  c y c l i c a l l y  s h i f t e d  downward one symbol is  a  CS 
of 11 * * *  1's i n  t h e  dua l  b a s i s .  
3. I t e r a t i v e  (Symbol) Sequences ( ISs )  
d  Over every f i e l d  x -1 d i v i d e s  xn-1 i f  and only  i f  d  d i v i d e s  n .  I n  any f i e l d  
t h  
which c o n t a i n s  a  p r i m i t i v e  n-- r o o t  of u n i t y  
a s  d iscussed in Ref. 1. Also i f  n  = kd, then 
a r e  r o o t s  of 
xd-1 = 0 
Consider t h e  polynomials 
where d  d i v i d e s  255 = 3-5-17.  Since  
x255-1 - (2--1) 
5 7 
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for various values of d are 
The roots  of g(x) whose coe f f i c i en t s  are  given i n  (22) are 
or ( in  ascending powers of a) 
Since {R 1 and {R ) have no common elements g(x) divides 3 g 
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and 
8 
where s2, sl, so E GF(2 ) Is a codeword polynomial. 
Denote t h e  symbol sequence s2, sl, by g. Then C(x) corresponds  t o  t h e  
" 0 
IS 
223 symbols 32 symbols 
which is a codeword. S imi la r ly .  {R51 and {R 1 have no common elements  and g(x) 
g 
d i v i d e s  
and 
8 
where si E GF(2 ) is  a codeword corresponding t o  an  IS. C lea r ly ,  ISs  of l e n g t h  
1 5  and 17  a r e  n o t  codewords s i n c e  ER 1 and {R 1 each have e lements  conta ined 1 5  17 
i n  {R 1. (Note t h a t  CSs a r e  s p e c i a l  c a s e s  of ICs.) 
8 
C. RELIABILITY TESTING OF A BERLEKAMP RS ENCODER 
The 4 nonzero t e s t  sequences appear ing i n  Table 10 were con t r ived  by Berle- 
kamp. None a r e  v a l i d  codewords. The only  nonzero row of informat ion symbols 
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OOOOOOQO Ci, i>>254 
00000000 
00000000 ( a l l  night. run) 
. . . 
ORIGINAL PAGE IS 
Of  POOR QUALITY 
was en te red  a f t e r  c l e a r i n g  t h e  encoder. Given 
then  
where 
Thus each of t h e  nonzero symbols s t a r t i n g  wi th  2 i s  0 t imes  i t s  yrodecessor .  
This  row of informat ion symbols followed by rows of a l l  z e r o s  f a r  e x c t f . - i n g  222 
rows was entered i n t o  t h e  eccoder i n  themessage mode over  a period of 1 5  hours  a t  
a  c l o c k  inpu t  speed of 1.6 MHz. Each c l o c k  t ime i n t e r v a l  is comprised of 4 
phases,  r e ~ ~ l t i n g  i n  a n  e f f e c t i v e  &kHz i n t e r n a l  c lock  speed. Corresponding t o  
t h e  row j u s t  beiow t h e  row l a b e l e d  C t h e  ou tpu t  was switched t o  t h e  check mode 32' 
( a f t e r  t h e  1.6-MHz c i o c k  was switched t o  t h e  s i n g l e - s t e p  mode t o  r e a c h  t h e  c o r r e c t  
phase by s ingle-s tepping t h e  c lock  and moni tor ing t h e  encoder ' s  i n t e r n a l  s i g n a l s ) .  
Each nonzero sequence of symbols from column 2 through 4 should be 8 t imes  t h e  
symbols of t h e  preceding column. Th i s  may be r e a d i l y  v e r i f i e d  v i s u a l l y  because 
of t h e  s i u p l e  r e l a t i o n s h i p  between z and Be.. The i n i t i a l  row was chosen whereby 
zg  f o r  each Bz is  zero.  Any p l a u s i b l e  sequence of n a l f u n c t i o n s  d u r i n g  t h e  run 
would very  l i k e l y  a l t e r  the  expected outcome. 
V I I I .  CONCLUSIONS 
The I C  p a r t  count of t h e  (255, 223) RS encoder employing Berlekamp's a r c h i -  
t e c t u r e  is  39, of which 9 a r e  RAMs. RAMS a r e  c l a s s i f i e d  a s  Large-Scale I n t e -  
g ra ted  C i r c u i t s  (LSIs). 'rhe.remaining 30 a r e  Small-Scale I n t e g r a t e d  C i r c u i t s  
(SSIs) .  The convent ional  (255, 223) RS encoder c o n t a i n s  60 ICs of which 24 a r e  
LSIs ( i . e . ,  RAMS and ROMs). C o n s t r a i n t s  o f  power, weight and volume c l e a r l y  favor  
Berlekamp's a r c h i t e c t u r e  in an I C  implementation f o r  s p a c e c r a f t  u t i l i z a t i o n  
implementat ion. 
The comparison of V e r y - h r g t s c a l e  Integrated C i r cu i t  (VLSI) implementations 
of conventional and Berlehmp-type RS encoders i r  considerably less conclusive.  
In  8 VLSI implementation, l og i ca l  element.: and connection paths  r e s ide  on a 
r i ng l e  chip.  Logical elements provide processing and memory, and cont ro l led  
connection paths  provide communication between a processor and memory. 
Unlike t h e  ca se  f o r  I C  design, complexity is not  a funct ion of the  number of 
l og i ca l  elements but r a t h e r  of the  a c t i v e  ch ip  a r ea  they occupy. Pa t t e rns  with 
inherent r e g u l a r i t y  such a s  those iissociated with ROMs and RAMS a r e  amenable t o  
VLSI designs where a c t i v e  chip a rea  is a t  a premium (see Ref. 14) .  In  I C  designs,  
ex te rna l  interconnect ing wires between I C s  cont r ibu te  i n s ign i f i can t ly  t o  propa- 
gation delay i n  a reasonable layout.  By con t r a s t ,  connection paths  ia VLSI 
designs can s i g n i f i c a n t l y  ~f f e c t  a c t i v e  chip area end prspagat ion delays.  
A f i g u r e  of mer i t  f o r  comparing VLSI implementatiws is  t1.e space-time 
product. Space is a measure of a c t i v e  chip a r ea ,  whereas time is a measure of 
throughput. Para l le l i sm In connection paths  (where gath-shar ing is minimized) 
increases  throughput at the  expense of chip a r ea .  A VLSI implementation of a 
conventional RS r w ? c l d - -  can match the  throughput of a Berlekamp type a r  the  expense 
of add i t i ona l  a c t i v e  ch ip  area.  For spacecraf t  a p p l i c a t i ~ n s ,  however, the  po t en t i a l  
throughput (speed) f a r  exceeds t h e  downlink telemetry r a t e s  an t ic ipa ted  for  t he  
remainder of t h i s  century. 
NASA and the  European Space Agency (ESA) have formed t h e  NASAIESA Working 
Group f o r  Space Data Systems Standardization (NEWG). Telemetry channel coding 
appears in t h e  "Guidelines f o r  Data Communicatior Standards" (Ref. 15) .  which 
specify t h e  (255, 223) RS code whose ma' hematical charac te r iza t ion  appears i n  
Section V herein.  The representat ion of RS symbols w i l l  be i n  t he  dual  b a s i s  
(Table 4) in accordance with ~e r l ekamp ' s  a r ch i t ec tu re .  The success of t h e  
Berlekamp ~ r c h i t e c t u r e  i s  re f lec ted  i n  its adoption by NASAIESA i n  t he  guide- 
l i n e s  (Ref. 15). 
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